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1. Introduction 

One of the most fruitful directions of research in the recent years has been the exploration of 
the connections between gravity theories in higher dimensions, string theory in particular, 
and gauge theories. 

Although a significant number of gauge/string dualities is well established by now, 
we still are lacking a "microscopic" understanding of the mechanisms behind the duali- 
ties in most cases. In cases when such mechanism is well understood we do not know 
how to apply it to more general setups. Examples of these mechanisms are the Chern- 
Simons/topological string duality [[[], Q], the Kontsevich model |1, H, S, 0], and the double 
scaled matrix models/c < 1 string theory duality J?], ^. See also [R| 11, 12] for a recent 
discussion of the AdS^/CFT^ duality. 

The "language" naturally spoken by a perturbative gauge theory is that of sums of 
Feynman graphs. On the other hand the "language" spoken by a string theory is that 
of integrals over moduli space of punctured Riemann surfaces. The problem of having 
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a microscopic understanding of a given instance of gauge/string duality ultimately boils 
down to finding a dictionary between the two languages. That is, either figuring out how 
Feynman diagrams arise from a worldsheet description of a string theory, or alternatively 
constructing a worldsheet from Feynman diagrams. For instance, in the "topological" 
duality of |IJ, ||] the diagrams appear on the string side as different classical solutions of 
the worldsheet theory. In case of double scaled matrix model ]?], |8| one obtains a string 
worldsheet by taking the large N limit and tuning the couplings of the theory so that large 
Feynman diagrams dominate and effectively can be treated as a discretization of a string 
worldsheet. 

There exists a mathematical tool which can facilitate the translation between Feynman 
graphs and moduli spaces of Riemann surfaces. Using a special class of quadratic differ- 
entials on a Riemann surface, the Strebel differentials, one can establish an isomorphism 
between the space of metric graphs with a given number of faces and the moduli space 



of punctured Riemann surfaces |13|, 14, 15]. This tool has been used in different contexts 
in the framework of string theory, such as string field theory (see for example [16, |i~7f ) 
and matrix models (see for a review). Strebel differentials played an important role in 
understanding the Kontsevich model/2<i topological gravity duality Q, although by now 
we have additional ways to obtain microscopic understanding of this duality ]l9| , |2(]| ] . 

In (2l| it was suggested to use Strebel differentials to explicitly construct a generic class 
of gauge/string dualities in the free limit of the gauge theory side of the correspondence. 



See [^2], |2^] for earlier work and 24, 25, 26, 27, 28, 29| for subsequent developments. The 
logic of this prescription is as follows. The isomorphism between moduli spaces and graphs 
implied by Strebel differentials needs a metric to be defined for the graphs. The choice of 
metric effects the properties of the worldsheet dual. In 21] R. Gopakumar introduced a 
metric on the Feynman graphs through Schwinger parameters. One can write Feynman 
diagrams in a given field theory as integrals over Schwinger parameters. Then, using 
Strebel differentials this integration can be transformed to an integration over moduli 
space of punctured Riemann surfaces. The integrand of this integral is interpreted as 
a worldsheet correlator of a 2d CFT dual of the field theory. By computing enough 
worldsheet correlators in this way one hopes to gather enough evidence to deduce what is 
actually the string theory producing them. 

Although the prescription of |2l| is very explicit it is technically hard to implement in 
practice. Even in simplest cases making the transformation of measure between Schwinger 
and moduli parameters eventually reduces to solving elliptic integral equations which is 
usually impossible to do analytically. 1 Thus, it is hard to gather substantial amount of 
information from the correlators to completely specify the string dual. 

The main purpose of this paper is to discuss this program in a simplified setting. We 
make two simplifications. First, the field theory side is taken to be simply a (Gaussian) 



1 However, some correlators have been explicitly computed j5^, Et| . 
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matrix model. Second, we change the metric on the Feynman graphs. 

There is a natural metric on the Feynman graph which does not require any additional 



structure to be introduced [3C]. We can assign a unit of length to every edge of the diagram. 



Consider the following correlator in some gauge theory 

(flTrQ J >), (1.1) 
i=i 

where TrQ J is a composite of J adjoint fields in the theory. Then the set of all graphs 
dual to the connected diagrams contributing to the calculation in the free limit is the set 
of metric graphs with s faces with circumferences of the faces being Jj . Each diagram will 
be accompanied by an appropriate numerical factor computed as the number of the differ- 
ent Wick contractions giving this graph and appropriate momenta (position) dependence. 
Taking the gauge theory to be a matrix model one gets rid of the momentum (position) 
dependencies. Using the Strebel theorem 2 one can map each Feynman graph to a point in 
the moduli space of Riemann surfaces -M giS . Thus, the correlator above can be seen as a 
weighed sum over discrete set of points in the moduli space. However, in a usual string 
theory the worldsheet correlators are given in terms of smooth integrals over the moduli 
space, and we will have to reconcile this issue. 

In what follows we will construct a string dual of the Gaussian matrix model which 
will exhibit the properties discussed above. The worldsheet theory will consist of three 
parts: a c = 1 and a c = —23 CFTs which will be explicitly specified, and a c = 48 
CFT which will only be implicitly defined through some of its properties . The correlators 
of the c = 48 CFT will be assumed to localize the moduli space integration to a set of 
points corresponding to Strebel differentials with integer edge lengths. 3 We will refer to 
these special locations as Strebel points. As we will discuss in the bulk of the paper the 
Strebel points are in one to one correspondence with the Feynman diagrams contributing 
to a given correlator. We will not be able to provide an explicit mechanism for such a 
localization. However, assuming this property the sphere string theory correlators will be 
shown to reproduce planar matrix model results. 

The paper is organized as follows. In section ^ we review the results of |3(| and in 
particular starting from Gaussian matrix model and using Strebel differential techniques 
gather some hints about its stringy dual. Following these hints in section Q we construct 
a worldsheet model. In section || we show that certain correlators in this model reproduce 
the matrix model results. Finally, in section || we summarize our results. A short primer 
on Strebel differentials is included in appendix |A[ In appendix |b] we discuss a heuristic 
suggestion for the localization mechanism. 



2 We refer the reader to appendix [X| or to |2l[ |2?| , |jc}| for brief expositions of the Strebel theorem. 
3 For a similar discussion in the case of a symmetric product orbifolds see |3l|. 
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2. Prom matrices to strings 



In this section we discuss the Gaussian matrix model and the hints it provides about its 
stringy dual through Strebel differentials. 

2.1 The matrix model 

We consider a gauge invariant correlator computed in the Gaussian matrix model 

with an action given by 

S M = \tNTrQ 2 , (2.1) 

where Q is a hermitian N x N matrix. 

This correlator is computed as a sum of the different Wick contractions. It can be 
naturally expanded in powers of N. Every loop gives a factor of N, and a propagator gives 
(Nt)' 1 . All the vertices are external and do not give any factors of N. Thus the power of N 
accompanying each diagram contributing to an s point correlator ([O]) is/ — e = 2 — 2g — s 
(/ is the number of loops and e is the number of edges in a given diagram). Thus, a 
correlator ( |1.1| ) in the free theory can be written as 

r i ^=1 * £ a?-*- q = n j» n ^ ! ^ rS E ^ Js e ^tfy' m 
• fc=i j=i < m > i} 

where summation is over different Feynman graphs and Cj is the number of Wick contrac- 



tions giving each graph (for instance see ]32|). vj is the number of vertices of power J. gj 



is the genus and the factor #(Ti) is the symmetry factor of the ith. Feynman graph (we 
identify the graphs by mapping the set of vertices and the set of edges onto themselves 
keeping the orientation of the vertices fixed). 

2.2 Extracting hints about the dual theory 



In this section we briefly review the construction of [30|. The starting point is a variation 
of Gopakumar's prescription for constructing a string theory dual for a free field theory 
1 21]. In this variation we seek a string theory with the following property. For a given 



correlator the integration over the moduli space of the Riemann surfaces localizes to a 
discrete set of points, with every point corresponding to a Feynman diagram contributing 
to the calculation on the field theory side. Given a Feynman diagram the corresponding 
point in the moduli space is computed through Strebel differentials by the following simple 
procedure. We associate a unit of length to each edge of the Feynman diagram. Next, 
we make a skeleton graph from the Feynman diagram [El]] by gluing the homotopically 
equivalent edges together. The length of the edges of the skeleton graph is the number 
of edges of the Feynman graph glued together. Then, the point in the moduli space 
corresponding to the Feynman diagram is the unique point corresponding to the Strebel 
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differential with the dual of the skeleton graph being its critical curve and the metric on 
the graph given by the lengths of the edges defined above. 

The above construction by itself seems to teach us very little about the string theory 
side. However, one can extract some clues about the string theory through the following 
procedure. Let us devise a "caricature" of string theory which will capture the Strebel 
differential construction above and have some string theory structure to it. The correlators 
in the "caricature" model are computed using the following expression 



(\\Oj k 



k=l 



y — 



k£Z(tp)UP(cp) 



e- s H<D Jk . (2.3) 



k=l 



The first square brackets is a toy model for integration over moduli space. The set 5 gjS 
is the set of all Strebel differentials, <p, on genus g surface with s punctures with integer 
edges. 4 r((/j) is a discrete measure on the moduli space to be specified shortly. The second 
bracket gives a toy integration over a worldsheet "field" X. X is defined only at the poles, 
P(<p), and zeros, Z(tp), of the differential ip. The toy action, S, is given by 

S^2vi Y, \Pk(^)-2]X k -N e ~ 4mXk > ( 2 - 4 ) 

with p(<p) being the residues of the corresponding pole or zero of 99. For a double pole it is 

the usual residue of the square root of the differential and for a zero p = 0. The operators 
are defined as 5 

TrQ J -> Oj = N- J/2 J e 2^(j-2)x K ( 2 5 ) 

keP(<p) 

We specify T(ip) to be 

T(ip) = #F(<p) x n(p), (2.6) 

where #r(<^) is the symmetry factor of the critical curve of <p and n(ip) is the number of 
points on the moduli space having the same graph as their critical curve. 6 

With the above definitions it is easy to convince oneself that the correlator computed 
on the matrix theory side, (nj=i TrQ J i) g is exactly equal to the correlator (n|=i ®Jk)g 
computed in the "caricature" string theory model. Strictly speaking the toy model gives 
the sum over connected Feynman diagrams lacking homotopically trivial self contractions. 
If so desired, the homotopically trivial self contractions can be easily taken into account by 



4 See e.g. |}3|, [m], |35) for discussion of Strebel differentials with integer edges. 
5 In this toy model we will not be able to incorporate the dilaton operator, TrQ 2 . 

6 Note that there is a unique Strebel differential for every graph with labeled vertices. However, in the 
above construction we do not label the vertices and thus there are several points corresponding for a given 
graph. 
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either redefining the set S g , s or by redefining the operators Oj [3C]. The integration over 
the fields Xi does not vanish only for differentials which have the set 3% as the set of the 
residues of their double poles. Because we restrict ourselves to differentials with integer 
edges, all these differentials correspond to the Feynman diagrams contributing to (|1 . 1|) . 
The integration can be easily performed and the equivalence established. 

Next, one can recast the toy model above into a bit more familiar language. The first 
term in the action ( |2.4[ ) can be written in the following form 

2™ - 2] X* = -i f d 2 z^5R D X(z, z), (2.7) 

keP(ip)uz(ip) 

where the field X(z, z) is equal to X^ at the special points of the differential and the metric 
gr> is defined as follows. Given a Strebel differential (p with integer edges we can define a 
dual Strebel differential as (see section 3.4 and [3C] for more details) 



WD 



sin 7rZ 



l(z) 



tpdz, 



(2- 



where zq is some (does not matter which) zero of ip. The metric then is simply given by 



Moreover, the second term in (|2 



9D = \<Pd\- 
is heuristically of the following form 



N 



d 2 Z 



9De 



-4iriX(z,z) 



Thus, the action can be schematically written as 



S 



d 2 Zyfgb~R D X(z, z) - /I 



d 2 zJgEe-^ iX ^\ 



(2.9) 



(2.10) 



(2.11) 



Adding a kinetic term of time like boson to the above action we get a c = 25 CFT. To see 
this we proceed as follows. For the toy model to reproduce the matrix model results the 
ratio between the coefficients in the exponent and the coefficient of the linear term has to 
be 47r, as it is in ( 2.11 ). In the background charge representation of conformal field theories 
with time like field, 



S 



1 

47T 



d 2 z 



1 



iQ^/gR(f> + fi^/ge 



ib(p 



these coefficients are related due to conformal invariance by 

Q 



(2.12) 



(2.13) 



Here Q is the background charge and it is related to the central charge through c = 1 + 3Q 2 . 
We can rescale the field X by some constant a~ 1 to obtain the relation ( p. 13 ). We get the 
following equation 



87ra 



47ra 



+ 47ra 



2\/2tt 



(2.14) 
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Thus we deduce that in our case Q = 2y/2 and c = 25. If one tries a space-like sign for the 
field X then we again obtain c = 25 but with the field X rescaled by an imaginary number. 
As we have taken X to be real in ( 2.11] ) we are forced to consider X to be timedike. 



The model above is a toy model without any obvious or direct relation to a string theory 
construction. However, assuming that there is a string theory with properties described in 
the beginning of this section one can try and extract some hints about this theory from 
the toy model above. In the following sections we will try to construct a string theory dual 
of the Gaussian matrix models starting from the following clues extracted from the toy 
model, 

• The worldsheet theory contains a version of the c = 25 CFT obtained in ( |2.11| ). 

• The metric go might come handy in trying to prove that the string theory discussed 
is related to a matrix model. By definition a string theory is independent on a 
particular choice of the worldsheet metric due to Weyl invariance so we will have to 
understand what role the special metric go might play. 

We would like to stress that we will not try to reproduce the toy model from a well defined 
string theory but rather follow the clues above to understand how to build a stringy dual 
for the Gaussian matrix model. 



3. The string theory 

We will now follow the hints of the previous section to construct a worldsheet dual for the 
Gaussian matrix model. The string theory consists of three pieces: X CFT with central 
charge c = —23, Y CFT with c = 1, and the x CFT with c = 48. The logic is as follows. 
First, we will start with the worldsheet model motivated by the construction of the previous 
section. This model consists of a c = 25 X CFT and a c = 1 Y CFT. The c = 25 X CFT 
is the one obtained from the toy model construction of the previous section, and the c = 1 
Y CFT is introduced to render the total central charge of the matter fields to be c = 26. 
After performing some elementary field redefinitions we will make a non trivial change 
of sign of one of the kinetic terms to recast the worldsheet action as a sum of c = —23 
X CFT, c = 1 Y CFT, and a c = 48 measure on the moduli space. We then interpret 
the c = 48 measure as a result of computing a correlator of a c = 48 x CFT. Assuming 
that the moduli space integration localizes to the Strebel points, in the next section the 
worldsheet model obtained in this fashion is shown to reproduce planar Gaussian matrix 
model correlators. 

3.1 Constructing the action 

We start the construction from the following c = 26 worldsheet theory. The matter content 
consists of two CFTs, which we will denote as X and Y. The fields X and Y are taken to 
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be periodic with period 1. The action is defined as 

S^fa) = -2vr J d 2 zdXdX-i j d 2 z^R B X. (3.1) 
Sy(f) = 2vr J cPzdYdY . 

The X CFT has central charge 25 and the Y CFT has unit central charge. 7 The metric gs 
is the "dynamical" metric with respect to which the measure of the path integral is defined. 
In what follows we will assume that gs is in a conformal gauge and has the following form 

<7b(z, z) dz dz = \ipb(z)\ dz dz, (3-2) 

where ips is a meromorphic function on the worldsheet. Let us discuss this action in detail. 

The X CFT 

The X CFT has central charge c = 25. One way to see this is by making aWeyl transfor- 
mation, gs — > e 2ul gB- Under this transformation the field X transforms as 

X X - - u, y/gB~R B -> y/gER B - 4d3oj. (3.3) 

7T 



Thus we get 



where 



5S£ = ~ J d 2 zdujdio - i J d 2 z^R B uj = -24 5 L (w), (3.4) 



S L (u) = — [d 2 z 
v ; 12vr J 



(3.5) 



The measure of integration, [VX] gB gives another factor of Sl and thus we get that the X 
CFT has c = 25. 

Note that we defined J to be a periodic scalar of period one, and this is in odds with 
tYieWeyl transformation above. Thus, the field X should generally have some imaginary 
part. We make the following field redefinition 



X = X + — In 
2tt 



PD 



X + -co. (3.6) 

7T 



Here, \<Pd\ (= 9d) is some moduli dependent metric which does not transform under Weyl 
transformations. This metric is related to the one discussed in the previous section and 
we will carefully define it below. The field X is alsoWeyl invariant and will be the one 
integrated over, i.e. [DX] gB — * [DX] gg . Using this definition the X field is periodic with 



7 This worldsheet matter content was discussed by Itzhaki and McGreevy as a candidate for a dual 
of large iV gauged harmonic oscillator . One can transform to actions with usual kinetic terms by taking 
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period 1 and has c = 25. One can think of the redefinition of X merely as specifying 
the metric for which X has no imaginary part. This redefinition will become non trivial 
shortly for two reasons. First, the operators will be defined through fields X and not X 
and second we will turn the field X into a space-like field. We observe the following, 

5*(0) = -2vr f d 2 zd(X + -Qj)B(X + -u) - i f d 2 zJg~^R B {X + -u) = (3.7) 
J vr TT J TT 

= -2vr J d 2 zdXBX - i J d 2 z^R D X + ~ J d 2 zduBCj + i J d 2 z^g^R B Qj 

= -2tt J d 2 zdXBX-i J d 2 z^g~b~R D X + 2AS L {^ B -> <pd), 

where Sl(<Pb — ► <Pd) = Sl(&) 1S the Liouville action for going from metric g B to go- 
Under Weyl transformations go and X are held fixed and g B transforming as usual. Thus, 
underlie?// transformation g B — > exp(2a/) g B the action transforms as 

5S X (0) = 24 5 L (e 2 "Vs -> <Pd) ~ 24S L (ip B -» <^d) = -24S L (ip B -> e^Vs)- (3-8) 

Note that the field X is time like and because it is Weyl invariant, we can change the sign 
of the kinetic term of X (not of X) without changing the central charge of the CFT. We 
will treat the field X as spacelike and define 

Sl = S L ((p B -> <Pd), (3.9) 
S X (p) = 2vr J d 2 zdX8X-i j d 2 z^g~BR D X - fiO . 



The operator Oq will be defined in section 3.3. Note that the theory Sx + Sx is not 
equivalent to S x because of the change of the sign of the kinetic term. We merely used X 
action to construct the action of our interest. It is most natural to think of the X CFT 
as a c = — 23 usual space-like theory with background charge accompanied by a measure 
factor with Weyl anomaly c = 48. This comes about as follows. We define 



S<£ } = 5 X (A = 0) + 2AS l {(Jj), £ = ^m 



(3.10) 



2 

and we can rewrite this as 

S { p = 2tt J d 2 zdXdX + Ai j d 2 zdBCoX - i j d 2 z^R B (^X + ^ + ^ J d 2 zd£oBCo . 

(3.11) 

At this point Cj can be a generic scalar function on the worldsheet transforming under Weyl 
g B — > e 2uJ g B as Cj — > Cj — ui. We can redefine the field X by 

X = X--Cj. (3.12) 

TT 
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Using this definition the action becomes 

S { p = 2tt J cPzdXdX - i J d 2 z^g^R B X + ^ J d 2 z 

= Sx + A8S L {u). (3.13) 



dudco + \^J~9bRbu 



Thus, we decompose the c = 25 X CFT into a c = —23 CFT X and a measure which has 
Weyl anomaly c = 48. Thus we can think of the X action as c = —23 CFT and a Weyl 
non invariant measure on the moduli space. The X action ( |3.9[ ) is equivalent to the X 
action ( |3.13j ) and for computational reasons it will be more convenient to use the X action 
in what follows. 

The Y CFT 

For the Y CFT we make a trivial redefinition of the field, 

Y = Y- — ln|A|, (3.14) 
2ir 

where A is some moduli dependent function on the worldsheet to be specified later. We 
obtain 

&>(0) = 2tt / d 2 zd(Y - -i- ln|A|)<9(Y - ^ In |A|) = (3.15) 
J 2tt 2tt 

= 2tt J d 2 zdY8Y + 2i J d 2 z(ddln\A\) Y - — J d 2 zd\n\A\ <91n|A|. 

This is a c = 1 CFT as the action is independent on the metric. We will define 

S A = -— [ d 2 z <91n|A| ain|A|, (3.16) 
2vr J 

S y (t) = 2ir J d 2 zdYdY + 2i j d 2 z (dd\n\&.\) Y - fO_ 2 . 

The operator O-2 will be defined in section |3.3| . The above redefinition of the field Y will 
become non trivial later on, as the definition of vertex operators will depend on the fields 
Y. Thus, the explicit dependence on A contributes to the non standard measure on the 
moduli space. 

To summarize, the matter action of our string theory is 



S = S x (fi) + S Y (f) + 2AS L + SA ■ (3.17) 



We regard this action as a combination of a c = —23 and c = 1 CFTs together with a 
c = 48 measure. We assume that the c = 48 part (with the measure dependent factors of 



section 3.3) can be obtained as correlators in some c = 48 CFT. 
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3.2 Integration over the metric moduli 

From now on we restrict our discussion to the planar case, i.e. the worldsheet is a sphere. 
To compute the following correlator, 

s 

k=l 

we have to fix the SL(2, C) symmetry on the sphere. To do so we fix the positions of three 
of the operators. The correlator has insertions with s quantum numbers Jj. For each point 
of the moduli space, i.e. for each set of positions of the unfixed operators, there is a unique 
Strebel differential that has double poles at the positions of the operators with residues 
We denote this differential by tp. We define the correlator by the following expression 

(flO Jk ) g =o=MB 9B [ dn [ [VXVY] gB e- s f[Oj k (z k (n)), (3-19) 
k=i Jm ^ j k=i 

where N is the normalization factor and B 9B are the ghost determinants, which for the 
sphere are just an overall factor. We parametrize the moduli space by some coordinates 
f2. The measure d£l is taken to be Weyl and D iff invariant. The action S is defined in 
(3.17). The complex number Zk(U) is the position of double pole with residue Jk at point 



f2 of moduli space. Note that in this prescriptions Oj have to be (0, 0) operators. 

The set of points with all edges integer valued in <p metric correspond to Feynman 
diagrams. Note, that each diagram will appear n(<p(Q)) times. This is given by 

oo 

^)=#rgn^ (3 - 20) 

where #T(ip) is the symmetry factor of the diagram and vj is the number of vertices of 
valence J. One can understand the equality above as follows. Given a diagram we have 
Oj=i vjl ways to assign labels to the vertices. However, the assignments can be grouped 
into equivalence classes with #T(ip) elements in each class. The graphs are equivalent if 
there is a mapping between the two sets of vertices and the two set of edges which respects 
the ordering of the lines at each vertex. By Strebel theorem we have a unique point in the 
moduli space corresponding for each class and thus there are n(<p) points corresponding to 
the diagram. 

3.3 Operators in the string theory 

The operators we will discuss take the following form 

O j = JL J3 f^t\ ^ | A | e 2«(W-2)X e 2niJY (3 21) 

The operators are not normal ordered. The normalization is chosen for later convenience. 
These are (0, 0) operators and can be used in the above described prescription. The 
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two operators appearing in the definition of the action, the "puncture" and the "dilaton" 
operators, take the following explicit form 

O = J d 2 z Vto e~^ iX , 0_ 2 = J d 2 z e~ AmY . (3.22) 

Note that these operators areWeyl invariant as the metric gjy is the "non-dynamical" one. 
Thus, there is no need to normal order the operators for this reason and we will see that 
there will be no need for renormalization in this prescription. In a sense the metric go and 
the factors of A provide the renormalization needed for the correlators to be finite as we 
will see in what follows. In what follows we will refer to the factors of |A| in the definition 
of Oj, and to the factors of ^fg~B in 0o,-2 as fi^d independent terms. 

3.4 Definition of and A at the Strebel points 

Let us specify the functions go and A appearing in the definitions of the worldsheet theory. 
We will do so only for the Strebel points. For a heuristic discussion of a generic point in 
moduli space see appendix |B|. To do so we make a short detour into properties of Strebel 
differentials with integer lengths. 

Given a specific correlator in the string theory 

s 

k=l 

we define the metric gn as follows. The set of all Strebel differentials with s double poles 
is isomorphic to the decorated moduli space -M gjS x Thus, we parametrize the moduli 
space by the Strebel differentials which have the set {Jk} as their residues. This is a 
projection of the decorated moduli space to moduli space itself. The set of the Strebel 
differentials, cp, satisfying the above property is isomorphic to -M gjS . If all the edge lengths 
of differential tp are integer valued we define (as in equation (|2.8|)) 8 



where we have used 



VD dz 2 = - . y dz 2 , (3.24) 

sin irl(z) 

ipdz = dz = dz , 

cos A irl[z) cos z Tii£)\z) 



l(z) = / dzyfip, l D (z) = / dzyfipE, (3.25) 

Jz' Jz' 



-D 



and z', z' D are some given zeros of the differential ip and <po respectively. As was shown in 
|30|j when all the edges of ip are integer the differential (pp is essentially Strebel (and the 



Note that l(z) has dimensions of length on the worldsheet. Thus, in equation (3.24) when l(z) appears 
we essentially mean l(z)/lo with lo = 1 for convenience. If so desired the factors of lo can reproduced in all 
the equations to follow. 
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same proof holds for (p). The above three differentials satisfy 

111 , 

- + + - = 0. (3.26) 

The critical curve of ipu is the dual graph of critical curve of (p. For the sake of graph 
duality we regard integer distanced points as vertices (see figure [j] for an illustration). The 
critical curve of tpr> at a Strebel point is one of the Feynman diagrams contributing to 

(Hi)- 




Figure 1: The solid line is an example of critical curve of ip and the dashed line is the critical 
curve of corresponding ipjj. The notches on the edges represent integer distanced points. One can 
observe that the two graphs are dual to each other. 



Because l(z) is an integral of yfip we can translate the definition ( |3.24| ) into a first order 
non- linear differential equation for ipp, 

An 2 (ip D + cp) + (din =0. (3.27) 

V vdJ 

This can be recast by defining <pd = *pe x 

{dxf + 4vr 2 e* <p + Air 2 tp = 0. (3.28) 

Interestingly, the left hand side of the above equation looks like a "holomorphic Lagrangian" 
for a chiral boson x with a Liouville interaction, and with a meromorphic "metric" ip. We 
can integrate this equation for any p to obtain 

eX = "sin 2 vr(/(z) + J B)' (3 ' 29) 

where B is some complex constant. For BeZwe get ipn and for B G Z + i we get ip, 
and there is a continuum of other boundary conditions. We can use ( 3.28| ) to define ipo 
for non-Strebel points, but then the solution, x, turns out to be not single valued and 



-13- 



essentially is to be denned on some covering space of the Riemann surface. Thus, ( 3.2E 
has well defined solutions only for Strebel differentials (p with integer edges. 
We define metrics corresponding to the differentials, 



9=\<Pl 3d = Wd\, 9=\<p\. 

Using 

9 = e 2uJ -» y/gR = -AdBu: (^g-BR D = -2dBln\ip D \ 
these metrics are associated with the following Ricci scalars, 



(3.30) 
(3.31) 
(3.32) 



keP D uz D 



VgR 



£ (p fc - 2)5^ (z -z k )+J2 m kS {2) (z - Zk )-2J2 5(2) (z - z k ) 

k€E D 



2tt 



keZ D k£P D 

l > (Pk-2)S^(z-z k ), 
kez D uP D 



where the set Pp is the set of double poles of (f D , the set Zjj is the set of zeros and simple 
poles of (fD, and the set Ed is the set of edge centers of ipD- We define the numbers m k to 
be the behavior of ip at a special point, i.e. ip ~ z m . The numbers p k — 2 are the behavior 
of (fD at a special point, i.e. ipjj ~ z p ~ 2 . From this we deduce that 



^gR-VgR 



dd In | tan7r/£)| = tt 



keZ D keE D 

dd \n\ip D \=ir ^ (p k - 2)5 2 {z - z k ) . 

k£Z D UP D 

We summarize the behavior of the differentials in vicinity of special points in the following 
table, 



(3.33) 





<PD 


tan 2 ttId 


<P 


z £ Zd 


Cz p - 2 


^4cz p 

P 2 


_ p 2 1 

47T 2 Z 2 " 


zeP D 


(m+2y i 

4-7T 2 Z 2 


1 


Bz m 


z£E D 


c 


1 1 


-C 



(3.34) 



where B and C are some complex numbers. 



We are finally ready to define the quantities go and A at the Strebel points, 

Wk^-ZkY"- 2 



9D 

A = 



9'p 

a' D (oo) 
l 



tan trip, 



cos 2 nl 

where we also assumed for simplicity that oo ^ Pjj. 



(3.35) 
(3.36) 
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4. Prom strings to matrices 



In this section we will explicitly show how the worldsheet model introduced in the previ- 
ous section reproduces the matrix model results. We remind that the explicit discussion 
is restricted to the planar topology of the worldsheet. The exact claim is that contribu- 
tions from planar and connected matrix model diagrams lacking homotopically trivial self 
contractions to the following correlator, 

s 

(HTrQ J i) g=0 , (4.1) 
j=i 

are reproduced by the worldsheet correlator 



<n<^> g =o= / dm. (4.2) 



Mo 



Following the procedure of section 3.2 we insert the operators Oj at the double poles of 



<p (denoted in what follows by z/~). We denote the path integrals of the fields X and Y as, 

l x = [[VX] gB e~ Sx f[ e ^i(Jk-2)x(z k )^ ^ 

J k=l 

I Y = I [VY] gB e- SY f[ e ^JkY(z h )_ 
J k=l 

We thus discuss these quantities at the Strebel points and assume that the integration over 
the moduli space localizes on Strebel points. 

The integration over the zero mode for the X field implies that in the expansion of 
the exponential of the interaction Oq only the product of / interaction terms contributes. 
Here / is the number of the faces of the critical curve of ipu, i.e. the number of faces of 
the Feynman diagram corresponding to the particular Strebel point. The zero mode of the 
Y field fixes the number of the interaction insertions O-2 to be e, with e = 4 X^fc=i Jki the 
number of edges of the diagram. For the above to hold it is essential that both fields X 
and Y are periodic with period 1, i.e. the zero modes take value in [0, 1]. Using ( |3.32| ) to 
compute the linear terms in the X and Y actions we obtain the following 



i x = (det'A gs )-V2 L f rj ^4 v /^j rj 

■'■ fc=l m,n= 



m,n I I ^mn I 



Z. 



I 14 

n I 



(4.4) 



e 1 " \2\ ~ |2 



k=l m,n=l 



where z k are the locations of double poles of 920, Zk the locations of edge centers of ipo, 
z'u are the locations of Oq, and z^ are locations of O-2 interactions. We have to integrate 
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the above expressions over the interaction insertions z' and z. These integrals have to be 
regularized, and we do so by regularizing the expressions for the Green's function needed 
to compute ( |4.4j ) as 

G(z,z') ~ -ln(|z-z'| 2 + e 2 ), (4.5) 

where e is a small real number which will be sent to zero at the end. We also regularize 
the differential ipo in the vicinity of its zeros and poles as 

\tp D \ ~ C k (zz + e 2 )^ Pk ~ 2 \ (4.6) 

Moreover note that 

(2) k-1 e 2( - k -V 

is a representation of the <5-function on the complex plane for any k > 1 in the limit of 
small e. 

The X CFT part 

First, we deal with the X part of the correlator. With the above regularization we can 
write, 

1 X = (det'A gfl )-V2 (llpL f f[ d ^f {I (l^l 2 + £2 )(l^l 2 + e2 ) .,, 

/ ! J t£ mn=l (km-<| 2 + e 2 ) 

f) / (det'A as )-^ JJ (4.8) 

Here Ck is the residue of (po at pole G Pd- We used the (5-function representation above 
with k = 3, and take the e — > limit. The extra power of (\z m — z' n \ 2 + e 2 ) comes from the 
3d factor in the definition of the puncture operator. The dots in the first line represent the 
regular terms coming from gjj factor, see ( |3.35 ), Thus we get a finite result. The insertions 
of Co are localized at the face centers. 

The Y CFT part 

Next, we deal with the Y part of the correlator. With the above regularization we can 
write at the Strebel points, 

j y = ( det'A g j-^(iZ!!)!/n^^ n ('^ +g2 )^"' 2+e2 ) ,,, 

e! J 1=1 m,n=l (\z m ~ Z n \ 2 + e 2 ) 

= (vrf) e (det'A.J- 1 ^ e 2e "Q | Cfe |. (4 . 9) 

keE D 

Here Ck is the value of ip d at edge center Zk G Ed. As we will see shortly there is an 
additional factor of e _2e coming from the field independent terms which will cancell e 2e 
term above. We will get a finite result. The insertions of O-2 are localized at the edge 
centers. 
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Field independent terms 

Let us evaluate the actions Sl and and the field independent factors in the definition 
of the operators at the Strebel points. 

We compute the Liouville action Sl(9b — ¥ 9d)- For concreteness we choose a simple 
gauge on the sphere with the metric given by 



a 

<PB = 2 

z z 



9B = \<Pb\ 



(4.10) 



Because the model is Weyl invariant the result will not dependend on the detais of this 
metric. The Liouville factor is 



1 1 . l2 1 , l2 

u> = -ln\<p D \ + -ln\z\ --ln|a|, 



and the Liouville action is 



dtoduj + -*/g~B~RBU 



(4.11) 



(4.12) 



Explicitly we get 

S L 



48vr 



d 2 z 



In |<£>£>|9cHn \$d\ + 2 In |a| 2 <9<91n \z\ 



(4.13) 



- In |z| 2 951n |z| 2 + In |z| 2 <991n \<pd\ — dd\n \ z\ 2 In \<pd\ 



The first term is given by 
1 



48vr 



JcPzhx\i PD \ddhx\ ( p D \ = ~ Yl (ln|C fc | + (p fc -2)lne)(p fc -2). (4.14) 



z k eP D uz D 



The number e is some real, small regulator and in the end we will take it to zero. Constants 
Cfc are the residues of ipr> at the special points, see table 3.34 . Two last terms in ( 4.13j ) 
sum up to 



d 2 z In |z| 2 (9<91n \ipo\ = 27r(ln |^(0)| — In |^(oo)|), 
d 2 zdd\i\\z\ 2 \n\tp D \ = 27r(ln|¥?u(0)| + In |^d(oo)|), 



(4.15) 



1 

48^ 



d 2 z 



In |z| 2 391n \<£>d\ ~ <9<91n \z\ 2 In \<pd\ 



12 



ln|^x)(oo)|. 



Remember that we have set v?d(oo) = 1 (see ( 3.35|) ) and thus the above vanishes. The last 
term we did not discuss gives 



— / d 2 z (ln|z| 2 d<91n|z| 2 - 2 In |a| 2 d<91n I 
48tt J v 1 1 11 11 1 



-lne - -lnlal 2 . (4.16) 
6 6 1 1 v ; 
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Combining all the factors together we get 

-245 L =41n|a| 2 -41ne+i Y (In \C k \ + (p fc - 2) lne) (p fc - 2). (4.17) 

From the Sa action we get the following for Strebel points 



5a = / d .z 5 In | tan 7tZ.d 1 3 In | tannic | 

7T 



(4.18) 



Y Qln|C fc | +ln^ + ip fe lne^p fc + 2 ^ Q In |C fc | + lnvr + lne^ . 



z k £Z D 



z k <=E D 



Using the above we compute the finite contributions from the field independent terms, 
which we will denote by exp(«4). The Liouville action, Sl (4.17), gives the following 
contribution 



Al = \ E (PA-2)ln|C fc |, 

z k eZ D uP D 

The Sa action ( [4.18 ) contributes 

aa = ~ Y Pk^\c k \- Y ln \°k\- 

z k ^Zjj z k £Eo 

For the external operators we get from Q3.2ip using (3.34) 



(4.19) 



A j = Y ln l Cfc l' 

z k GZ D 

and from the interactions we obtain (using the results (f4.8|) and 



Ao = Y ln |Cfcl> Ao-2= Y ln |Cfcl- 

z k eP D z k <=E D 



(4.20) 



(4.21) 



(4.22) 



Thus we note that the finite field independent terms cancel out at the Strebel points, 



a = a l +a a + y A °j k + Yl A °o + Yl A °--> 

k£Z D keP D k£E D 



0. 



(4.23) 



Next, the e dependence from the field independent terms is as follows, 

Sl^\ Y (Pfc-2) 2 lne-41ne, 5 A - -~ Y Pt lne ~ 2 E lne ' 



z k ez D uP D 

Oj^ Y ^ lne ' °o^-2 Y lne ' °- 



z k €Zo 



z k €E D 



(4.24) 



z k £Z D 

These sum up to 



z k ePD 



41ne - 4e lne + 2s lne = (-2e - 2/) lne. 



(4.25) 
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Figure 2: An example of a diagram with the interaction vertices localized at edge and face centers. 

The factor — 2/lne has been already taken into account in the X CFT calculation, and 
the factor — 2elne cancels the 2elne contribution obtained in Y CFT calculation. 



To summarize, at Strebel points the calculation is finite and is precisely given by 

= *B BB \af (det'A^)- 1 (^fj (vrf) e , 



(4.26) 



where I is defined in (4.2). Collecting all the terms and assuming that the only contribu- 
tions to the moduli space integration come from the Strebel points we get 



(l[Oj k ) g=0 = MB gB \a\\det'A gB ) 



k=l 



2 ; 



f-e 



7TT 



k=i j=i i " * 



Identifying /t = 2N/ir, f = 1/vrt, and choosing normalization 9 

del/ A, 



X 9B 



Bg B \ct\ 



(4.28) 



we get 



(n°A)g=o=(n r ^ 



k=l 



k=l 



(4.29) 



5. Summary 

Let us briefly summarize our results. We have defined the following worldsheet model. The 
9 Note that essentially Af is independent of a due to Weyl invariance. 
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action is given by 



c = -23 



c = 48 



c = 1 




2vr / d 2 zdXdX-i J d 2 z^R B X - jXO Q 
2vr / d 2 zdYdY - fO_ 2) 



(5.1) 



(5.2) 
(5.3) 



The integrated operators are defined as 




(5.4) 



We do not explicitly know the action S x and the form of Oj. However, assuming that 
this objects have certain properties we have shown that sphere correlators in the above 
string theory reproduce planar Gaussian matrix model correlators. The assumptions on 
the field x are as follows. First, we assume that the path integral over x localizes the 
moduli space integration to a discrete set of points, 10 the Strebel points. Next, this path 
integral takes an explicit form at the Strebel points. In the language of the bulk of the 
paper this is responsible for the "field independent" terms in the calculation of the X and 
Y path integrals. 

For the construction of this paper to be complete it will be very crucial to understand 
whether there actually is a c = 48 CFT with the above structure of correlators. As these 
correlators presumably depend on ipjj, this CFT is expected to be defined through Strebel 
differentials or give rise to these differentials in some manner. 11 We leave the investigation 
of these issues for future research. 
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A. A short primer on Strebel differentials 

A quadratic differential is the following object, 



In appendix |B| we present a heuristic suggestion for the actual localization mechanism. 
11 For instance, in the context of closed string field theory the Strebel differentials appear as giving rise 
to a minimal area metric 111]. 



q = (f(z) dz 2 



(A.l) 
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where tp is a meromorphic function on a given Riemann surface. This differential is defined 
to have the following property under a holomorphic reparametrization of the worldsheet 

z -> z'(z), 

<p{z)dz 2 = ip'(z'){dz') 2 . (A.2) 

Using quadratic differentials one can define a length for a line element through 

dl = ^pdz. (A.3) 

Note that this length is in general a complex number. It is useful to define the notions 
of horizontal and vertical curves of the differential. Given a curve j(t) on the Riemann 
surface we say that it is horizontal if 

(£)'><>, (A.4) 

and vertical if the opposite inequality holds. Note that the length of the horizontal curves 
computed using ( |A.3|) is real. By convention we will discuss the horizontal curves in what 
follows. A horizontal curve can either be closed or end on a zero or a pole. The set of 
all non-closed horizontal curves of a quadratic differential is called the critical curve of the 
differential. We restrict to quadratic differentials critical curve of which is compact. If a 
quadratic differential has at most double poles (with negative coefficients) then the critical 
curve divides the Riemann surface into ring domains. The vertices of the critical curve 
of such a differential are the zeros and the simple poles of the differential. The following 
theorem due to K. Strebel holds, 

Given a Riemann surface with s marked points and s positive numbers pt associated to 
those points, there is a unique quadratic differential with double poles as its only singular- 
ities such that: 

• It has exactly s double poles located at the marked points 

• The residues of the double poles are the numbers pk 

• The Riemann surface is a union of s disc domains defined by the marked points. 

We refer to a differential which satisfies the properties above as a Strebel differential. 
Note that from this theorem follows that there is a unique Strebel differential for each 
point of Mg tS x Further, this also gives us a natural isomorphism between the space 
•M g)S x and the space of metric graphs with s faces on genus g surface. 12 For each 
point of M. g}S x we associate the critical curve of the corresponding Strebel differential 

12 In this context we define a metric graph as a connected graph with a positive real number associated 
to every edge and all the vertices at least trivalent. 
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as the metric graph (metric on the graph defined through ( |A,3| )), and the other direction 
of the isomorphism can be also (less trivially) established. 

When explicitly trying to find a Strebel differential for a given Riemann surface and a 
given set of residues the first two conditions above can be easily satisfied. The third condi- 
tion is however a very non-trivial one. Essentially, it can be rephrased as the requirement 
that all the distances between the zeros of the differential computed in Strebel metric ( |A.3 ) 
should be real. Computing these distances will give constraints on the parameters of the 
differential. Usually these constraints will be expressed through elliptic integrals, which 
are difficult to solve. 



B. A localization mechanism 

In this section we discuss a possible definition of the quantities go and A for arbitrary 
points of the moduli space. The definition of these quantities is closely related to the 
mechanism responsible for the moduli space integration localizing on Strebel points. 

As was discussed in the bulk of the paper for a given s point correlator and a given 
point of the moduli space one can associate a Strebel differential (p. If not all the edges of 
(p are integer valued some of the zeros of (p are non-integer distanced. In this case ( |3, 24 ) is 



not well defined and we have to refine it. Demanding that for Strebel points go is defined 
as in ( 3.24j ) we can have several possible definitions of po at a generic point in the moduli 



space. We will seek a definition which has a similar structural form, i.e. ^ is a product 
of the differential (p and another function defined in terms of some lengths computed using 
(p. 

Note that at Strebel points the nature of poles and zeros of ipo as defined in |T2j) 



is very different. The zeros of po come from divergent lengths, l(z), near a pole of if. 
The pole combines with the divergence of the edge length and we get a zero. Thus in an 



extension structurally similar to ( 3.24 ) this will be usually also the case. On the other hand 
near a zero of ip we get a pole at the Strebel points only because the position of the zero 
coincides with the point at which I is an integer. This fact is very special to the Strebel 
points. Thus, the structure of the poles and zeros of <po will change near the zeros of (p for 
a generic refinement of ( [3.24 ) . 



Let us consider a simple refinement of the definition of ipo which we can only directly 
define in a vicinity of the zeros of (p. The special feature of this extension is that it is 
explicitly tractable. Although we do not know how to extend this definition over the whole 
moduli space it has qualitative features which are robust, i.e. appearance of extra zeros 
and poles near Strebel points. Of course it would be very interesting to find a definition of 
<po valid for the entire worldsheet and even more interesting to come up with an argument 
which will favor a certain definition of ipo- 
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Near a Strebel point ( and a zero of <p) we define <*pd in the following way 

(m + 2) 2 



471-2 



_|_ ^m+2 
2 m +2y 



where 



(5 2 C) 



l/(m+2) 



(B.l) 



(B.2) 



The parameter 5 is the fractional part of the distance of the zero around which we define 
the differential to some reference zero. Taking 5^0 the differential ip( m > just becomes 
— 4f ; as is assumed for a Strebel point. The above differential is essentially Strebel 

differential for any value of C and 5. It has a pole of residue m + 2 at z = oo, a zero of 
valence m at z = 0, m + 2 poles of residue v2 and m + 2 simple zeros. The length between 
two points computed using is given by 



z 2) 




In (z\(™+ 2 ) + ^z 2 + m + z 2 + r ' 



Z-2 



(B.3) 



The critical curve of this differential for two different values of m is depicted in figure |3|. 
The picture is that as we approach a Strebel point in the moduli space at each face of the 





-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 



-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 



Figure 3: On the left we have i^ m=v > with z m+2 = i, and on the right </j( m=4 ) with z m+2 = 1. 
The edges emanating from z = have length ^ — l) , and the outer edges are all unit length 
(this holds for any m and any I ). 



diagram a sphere containing a diagram of the form depicted in figure || pinches off and we 
are left with a Strebel differential, (pr>, on the sphere. 
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Note that the X (|4.8| ) and the Y (4.9) path integrals were non vanishing because of 
the special structure of poles and zeros at the Strebel points. If we have additional zeros 
and poles, as in the above described extension to non Strebel points, these path integrals 
will vanish. This, provides a localization mechanism for the integration over the moduli 
space to the Strebel points. It would be very interesting to figure out whether the heuristic 
picture of this section can be made more explicit. 
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